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In this paper we will present several results concerning generalized quasi-varia-
tional inequalities with non-compact sets. At first we generalize foundational
quasi-variational inequalities which play a key role throughout this paper by
relaxing the compactness condition. Several generalized quasi-variational inequali-
ties can be extended by our results. Q 2000 Academic Press
1. INTRODUCTION
Generalized quasi-variational inequalities have been studied in the
Ž w x.literature by many authors see, for example, 7]9, 12, 13 . All these cited
works, treated the problems on compact sets. A small extension of these
w xresults to non-compact sets was obtained by Tian and Zhou in 11 under a
strong condition. In this work the authors obtained the following result:
THEOREM 1. Let X be a nonempty con¤ex subset of a locally con¤ex
Hausdorff topological ¤ector space E. Suppose that
Ž . X1 F: X “ 2 is a closed correspondence with nonempty closed
con¤ex ¤alues.
Ž .2 F: X = X “ R is lower semi-continuous in x for all y g X and is
0-diagonally conca¤e in y for all x g X.
1 This research was supported by Moroccan Program PARS MI37.
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Ž .3 there exist a nonempty compact con¤ex set Z ; X and a nonempty
subset C ; Z such that
Ž . Ž .a F C ; Z,
Ž . Ž .b F x l Z / B for all x g Z,
Ž . Ž . Ž .c for each x g Z y C there exists y g F x l Z with F x, y ) 0,
Ž .  Ž . 4d the set x g Z: sup F x, y F 0 is closed.y g F Ž x .l Z
Ž . Ž .Then there exists x g F x such that sup F x, y F 0.Ã Ã Ãy g F Ž x .
w x w xWe can obviously see that Theorem 3 in 11 and Theorem 3.1 in 12 are
similar.
In Section 3 of this paper we present the main result of this work which
w x w xgeneralizes Theorem 3.1 in 12 and Theorem 3 in 11 . The technique of
partition of unity is used to prove this result. Theorem 4 shows, then, that
the hypothesis of paracompacity used in the result is minimal. The remain-
ing section is devoted to some applications.
2. PRELIMINARIES
Throughout this paper, we let E be a locally convex Hausdorff topologi-
cal vector space with dual E*.
Ž .DEFINITION 2. Let X, z be a topological space. We say that a family
Ž .A of subsets of X is locally finite if each x g X has an openi ig I
neighborhood which meets A for only finitely many i g I. The topologicali
space X is paracompact if it is a Hausdorff space and if every open
covering of X has a locally finite refinement.
Ž . Ž .Remarks. a Every compact resp. s-compact space is paracompact.
Ž . wb If X is metric space then X is paracompact 3, Chap. IX, Theo-
xrem 4 .
Ž .c Every closed subspace of a paracompact space is paracompact.
Ž .DEFINITION 3. A family b of continuous functions defined fromi ig I
q Ž .X to R is called a partition of unity associated to the open cover Vi ig I
if
Ž .1 supp b ; V , for all i g I,i i
Ž . Ž .2 the family supp b is locally finite,i ig I
Ž . Ž .3 Ý b x s 1 for each x g X.ig I i
In the following, we recall a condition that characterizes the paracom-
Ž w x.pact sets see, 6, Theorem 2.8.4, Chap. 1 .
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THEOREM 4. The topological space X is paracompact if and only if it is a
Hausdorff space and if for each open co¤er of X we can associate a partition
of unity.
DEFINITION 5. We say that a mapping G: X “ 2 E with nonempty
values is upper hemi-continuous if for any p g E*, the functional
² :x ‹ sup p , y
Ž .ygG x
is upper semi-continuous.
Remark. If G is upper semi-continuous then it is upper hemi-con-
tinuous.
DEFINITION 6. Let X be a nonempty convex subset of E. A functional
F: X = X “ R is said to be 0-diagonally concave in the second argument
Ž .  4in short 0-DCV , if for any finite subset y , y , . . . , y ; X and any1 2 m
m Ž m . m Ž .x s Ý l y l G 0, Ý l s 1 , we have Ý l F x, y F 0.is1 i i i is1 i js1 j j
Ž . Ž .Remarks. i If F is 0-DCV then F x, x F 0 for each x g X.
Ž . Ž .ii If F is concave in the second argument and F x, x F 0 for
each x g X then F is 0-DCV.
Ž .iii If F and C are 0-DCV and a , b G 0 then a F q b C is
0-DCV.
Throughout the following sections, X will denote a nonempty convex
paracompact subset of E.
3. MAIN RESULT
Theorem 7 in the following is the main result of this work.
THEOREM 7. Suppose that
Ž . X1 F: X “ 2 is upper hemi-continuous with nonempty closed con¤ex
¤alues,
Ž .2 F: X = X “ R is lower semi-continuous in the first argument on
e¤ery con¤ex compact of X and 0-DCV in the second argument,
Ž .  Ž . 43 the set x g X : sup F x, y F 0 is closed in X,y g F Ž x .
Ž .4 there exists a nonempty compact con¤ex set Z ; X such that for all
Ž . Ž .x g X y Z there exists y g Z l F x with F x, y ) 0. Then there exists
Ž . Ž .x g F x such that sup F x, y F 0.Ã Ã Ãy g F Ž x .
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Ž .Remarks. i To show that the paracompactness condition is not
strong, it suffices to remark that if E is metrizable then every nonempty
subset of E is paracompact.
Ž . Ž .ii If X is compact, the condition 4 in Theorem 7 can be omitted.
On the other hand, if we take F s 0 we obtain the classical fixed point
theorem.
To prove Theorem 7, the following theorem is needed. Note that
Ž wwithout loss of generality, we can assume that K is not closed see 5,
x.Theorem 10 .
THEOREM 8. Let K be a nonempty con¤ex subset of E and f : K = K “ R
be a functional such that
Ž .a f is lower semi-continuous in the first argument on each con¤ex
compact of K,
Ž .b for each finite subset A of K one has
sup min f x , y F 0,Ž .
ygAxgco A
Ž .c there exists a compact con¤ex subset C ; K such that for all
Ž .x g K y C, there exists y g C with f x, y ) 0.
Ž .Then there exists x g C such that f x, y F 0 for all y g K.
Ž .Remark. If f is 0-DCV in the second argument then, the condition b
in Theorem 8 is satisfied.
Proof of Theorem 7. If the result is false, then for all x g X, either
Ž . Ž . Ž .x f F x or a x s sup F x, y ) 0.y g F Ž x .
Let
U s x g X : a x ) 0 and 4Ž .0
² : ² :V p s x g X : p , x y sup p , y ) 0Ž . ½ 5
Ž .ygF x
for each p g E*.
Ž . Ž . Ž .Conditions 1 and 3 imply that U and V p are open sets in X. On0
the other hand by the Hahn]Banach separation theorem we have X s
Ž Ž ..U j D V p . From Theorem 4, we can associate to open cover0 pg E*
Ž Ž Ž .. . Ž Ž . .U , V p a partition of unity g , b .0 pg E* 0 p pg E*
Define f : X = X “ R by setting
² :f x , y s g x F x , y q b x p , x y yŽ . Ž . Ž . Ž .Ý0 p
pgE*
for each x , y g X = X .Ž .
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Ž .Note that the last sum is finite because x is in V p for only finitely many
p g E*. Let us show that all conditions of Theorem 8 are satisfied.
Ž . Ž .a Let x , y g X ; then there exist a neighborhood V x of x and0 0 0
p , p , . . . , p g E* such that1 2 n
m
² :f x , y s g x F x , y q b x p , x y y for each x g V x .Ž . Ž . Ž . Ž . Ž .Ý0 p i 0i
is1
Ž . Ž .Consequently, by 2 x ‹ f x, y is clearly lower semi-continuous on each
convex compact of X.
Ž .  4 mb Let y , y , . . . , y ; X and x s Ý l x with l G 0 and1 2 m is1 i i i
Ým l s 1. Let p , p , . . . , p g E* such thatis1 i 1 2 n
n
² :f x , y s g x F x , y q b x p , x y y for all y g X .Ž . Ž . Ž . Ž .Ý0 p ii
is1
m Ž .Consequently we have Ý l f x, y F 0. So, f is 0-DCV in the secondjs1 j j
argument.
Ž . Ž . Ž .c Let x g X y Z be fixed. By 4 there exists y g Z l F x such0
Ž .that F x, y ) 0. Let p , p , . . . , p g E* such that0 1 2 n
n
² :f x , y s g x F x , y q b x p , x y y for all y g X .Ž . Ž . Ž . Ž .Ý0 p ii
is1
Ž Ž . . Ž . Ž .Since g , b is a partition of unity, g x ) 0 or b x ) 0 for at0 p pg E* 0 pi
 4 Ž .least one index i g 1, 2, . . . , n . We deduce that f x, y ) 0.0
Ž . Ž . Ž .Finally we obtain that all conditions a , b , and c of Theorem 8 are
true. From this theorem there exists x g X such that
f x , y F 0 for each y g X . 1Ž . Ž .
Let now p , p , . . . , p g E* such that1 2 n
n
² :f x , y s g x F x , y q b x p , x y y for all y g X .Ž . Ž . Ž . Ž .Ý0 p ii
is1
Ž . Ž . Ž . Ž .If g x ) 0, then a x s sup F x, y ) 0 and there exists y g F x0 y g F Ž x .
Ž . Ž . Ž .with F x, y ) 0. On the other hand, if b x ) 0, then x g V p andp ii
² : Ž . Ž .p , x y y ) 0 for each y g F x . We deduce that there exists y g F xi
Ž . Ž .such that f x, y ) 0, which contradicts 1 .
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4. GENERALIZED QUASI-VARIATONAL INEQUALITIES
w x w xThe next theorem extends Theorem 5 in 11 and Theorem 1 in 9 . Note
w xthat in Theorem 5 of 11 the mapping T must be monotone and the
functional f must be concave in the second argument with real values and
Ž . w xf x, x s 0 for each x g X as in Theorem 3.3 of 12 .
THEOREM 9. Suppose that
Ž . X1 F: X “ 2 is upper hemi-continuous with nonempty closed con¤ex
¤alues,
Ž . E*2 T : X “ 2 is a monotone mapping with nonempty ¤alues such
<that for each segment L ; X, T is lower semi-continuous from the topologyL
Ž .of E into the weak*-topology s E*, E of E*,
Ž .3 f : X = X “ R is lower semi-continuous in the first argument on
e¤ery con¤ex compact of X and conca¤e in the second argument with
Ž .f x, x s 0 for each x g X,
Ž .  Ž ² : Ž .. 44 the set x g X : sup sup u, x y y q f x, y F 0 isy g F Ž x . ug T Ž y .
closed in X,
Ž .5 there exists a nonempty con¤ex compact set Z ; X such that
² :; x g X y Z, ’ y g Z l F x : sup u , x y y q f x , y ) 0.Ž . Ž .
Ž .ugT y
Ž .Then there exists x g F x such thatÃ Ã
² :sup sup u , x y y q f x , y F 0.Ž .Ã Ãž /
Ž . Ž .ygF x ugT xÃ Ã
Proof. Define a functional F: X = X “ R by
² :F x , y s sup u , x y y q f x , y for each x , y g X .Ž . Ž .
Ž .ugT y
Ž . w xCondition 3 and Proposition 3.2 in 12 show that F is 0-DCV in the
second argument. All the other conditions of Theorem 7 are satisfied.
Ž .Then there exists x g F x such thatÃ Ã
² :sup sup u , x y y q f x , y F 0.Ž .Ã Ãž /
Ž .Ž . ugT yygF xÃ
Ž . Ž . w xLet y g F x be fixed and put z s ty q 1 y t x for all t g 0, 1 . As inÃ Ãt
w xthe proof of Theorem 3.3 in 12 we have
² : w xsup u , x y y q f x , y F 0 for each t g 0, 1 . 2Ž . Ž .Ã Ã
Ž .ugT zt
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w xLet L s x, y , then the functional w : L = E* “ R defined byÃ
² :w z , u s u , x y y for each z , u g L = E*Ž . Ž .Ã
is continuous and TrL is lower semi-continuous when E* is endowed with
Ž . w xthe topology s E*, E . By Theorem 1 in 2, p. 122 the mapping c defined
from L to R by
² :c z s sup u , x y y for each z g LŽ . Ã
Ž .ugT z
Ž .is lower semi-continuous. The formula 2 then completes the proof of
Theorem 9.
w xThe result obtained in 11, Theorem 6 is not correct, since the func-
tional h introduced in the proof of this theorem is not 0-DCV. In the
following, we show that this theorem can be replaced by Theorem 10.
THEOREM 10. Suppose that E* is endowed with the strong topology and
that
Ž . X1 F: X “ 2 is upper hemi-continuous with nonempty closed con¤ex
¤alues,
Ž . E*2 T : X “ 2 is an upper semi-continuous mapping on e¤ery con¤ex
compact of X with nonempty con¤ex compact ¤alues,
Ž .3 f : X = X “ R is lower semi-continuous in the first argument on
e¤ery con¤ex compact of X and conca¤e in the second argument with
Ž .f x, x F 0 for each x g X,
Ž .  Ž ² : Ž .. 44 the set x g X : sup inf u, x y y q f x, y F 0 isy g F Ž x . ug T Ž x .
closed in X,
Ž .5 there exists a nonempty con¤ex compact set Z ; X such that
² :; x g X y Z, ’ y g F x : inf u , x y y q f x , y ) 0.Ž . Ž .
Ž .ugT x
Ž . Ž .Then there exists x g F x and u g T x such thatÃ Ã Ã Ã
² :sup u , x y y q f x , y F 0.Ž .Ã Ã ÃŽ .
Ž .ygF xÃ
w xTo prove this theorem, we need the following lemma given in 4 . Note
w xthat the functional f given in 11, Lemma 3 must be concave in the second
argument.
LEMMA 11. Let F and G be two ¤ector topological spaces. Let D be a
con¤ex compact set in F, and let K be a con¤ex set in G. Let w : D = K “ R
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be conca¤e and upper semi-continuous in the first argument, and con¤ex in
the second argument. Assume that
max w x , y G 0 for each y g K .Ž .
xgD
Then there exists x g D such that
w x , y G 0, for each y g K .Ž .
Proof of Theorem 10. Define a functional F: X = X “ R by
² :F x , y s inf u , x y y q f x , y for each x , y g X .Ž . Ž .
Ž .ugT x
Let K ; X be a convex compact of E; we can see that the functional
c : K = E* “ R defined by
² :c x , u s u , x for each x , u g K = E*Ž . Ž .
Ž .is continuous. In fact, let x be a net converging to x in K and leta a g I 0
Ž .u be a net converging to u in E* and « ) 0; the seta a g I 0
V s u g E* sup u y u , x - «¦ ;0½ 5
xgKyx0
is a neighborhood of u in E*. Consequently, there exists a g I such that0 0
u g V for each a G a ; this implies thata 0
² : ² :lim u , x s u , x .a a 0 0
a
w xWe know from Theorem 2 in 2, p. 122 that the mapping x ‹
² :inf u, x y y is lower semi-continuous on K. So the functionalug T Ž x .
Ž .x ‹ F x, y is also lower semi-continuous on every convex compact set
Ž .of X. By Theorem 7, there exists x g F x such thatÃ Ã
² :sup inf u , x y y q f x , y F 0.Ž .Ã Ãž /
Ž .ugT xÃŽ .ygF xÃ
Ž . Ž .Let w : T x = F x “ R be defined byÃ Ã
² :w u , y s u , y y x y f x , y for each u , y g T x = F x .Ž . Ž . Ž . Ž . Ž .Ã Ã Ã Ã
We show clearly that all the hypotheses of Lemma 11 are satisfied with
Ž . Ž . Ž .D s T x and K s F x . Then there exists u g T x such thatÃ Ã Ã Ã
w u , y G 0 for each y g F xŽ . Ž .Ã Ã
This completes the proof.
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